We introduce unitary-gate randomized benchmarking (URB) for qudit gates by extending singleand multi-qubit URB to single-and multi-qudit gates. Specifically, we develop a qudit URB procedure that exploits unitary 2-designs. Furthermore, we show that our URB procedure is not simply extracted from the multi-qubit case by equating qudit URB to URB of the symmetric multi-qubit subspace. Our qudit URB is elucidated by using pseudocode, which facilitates incorporating into benchmarking applications.
for angular brackets denoting the generating set [24] . Average unitary-gate fidelity is obtained by estimating survival decay rate vs gate-sequence length [21] . RB is well developed for qubits but untouched for qudits; here we introduce qudit URB. We develop qudit RB by combining single-and multiqubit RB theory [20, 21, [25] [26] [27] [28] [29] [30] with qudit (Hilbert-space dimension d with d = 2 for the qubit) theory including the generalized Pauli group P d [1, 2] , the qudit Clifford group C n d (4) [31] [32] [33] for n qudits and its connection to the unitary 2-design (U2D) [34, 35] . U2Ds are valuable as they enable efficient sampling of a random unitary matrix. Averaging over a U2D uniform distribution is identical to averaging over the unitary group over the uniform (Haar) measure.
Naïvely, qudit URB could be regarded as trivially arising from multi-qubit RB [21] , which we show is not so, thereby justifying utilizing U2D properties of the qudit Clifford group. Our qudit URB scheme reduces to qubit URB as a special case.
Mathematically, a qudit is a vector in d-dimensional 
being defined by their actions on computational basis states with ⊕ denoting addition modulo d [1, 2] . The usual Pauli operators arise for d = 2. These generalized Pauli operators generate the generalized Pauli group [36] .
As the normalizer of the generalized Pauli group, the qudit Clifford group comprises all unitary operators that map P n d to itself under conjugation. Hence, the n-qudit
i.e., generated by controlled-Z, quantum Fourier transform, phase and Pauli-Z gates [37] [38] [39] . For d ∈ P (prime), the number of distinct Clifford gates (up to global phase) for the single-qudit case is d 3 d 2 − 1 [32] . For d = 3, C 3 comprises 216 Clifford gates [40] , which are generated by single-qutrit Fourier transform F 3 and phase gate S 3 . Specifically, any single-qutrit Clifford operation can be obtained by a product of three elements in L , M and N [40] , where L is the subgroup of C 3 generated by P 3 and X 3 and
for F 
for any quantum channel E [41] and any state ρ with dU denoting the unitarily invariant Haar measure [42] on the Lie group U (d). The multi-qubit Clifford group C n 2 for n qubits forms a U2D [35, 43] .
Though not explicitly stated, the multi-qudit Clifford group C n d evidently forms a U2D based on Webb's analysis of Pauli-mixing Clifford ensembles [36] . A set S ⊆ C n d is called a Pauli-mixing Clifford ensemble (Def. 3 in [36] ) if every pair of non-identity Pauli operators are related, up to a phase, by a Clifford conjugation and the number of Clifford operators for each conjugation is constant. Thus, a Clifford operator chosen uniformly at random from S maps every non-identity Pauli operator to every other non-identity Pauli operator with equal probability. Webb's Lemma 3, together with Lemma 2, says that C n d is both Pauli-invariant (for each c ∈ S, cΞ, up to a phase, is in S as well for all Ξ ∈ P) and Pauli-mixing, and Lemma 1 says that, if a Pauli-invariant Clifford ensemble is Pauli-mixing, then this ensemble is a U2D. Hence, C n d is a U2D. Now we proceed to use this U2D property for multiqudit Clifford group to prove twirling over this group is depolarizing. Twirling E with average fidelitȳ
over Haar-random unitary operations yields a depolarizing channel [44] 
with the same average fidelity as for E, where
Proposition 1. Twirling a channel over an n-qudit Clifford group yields a depolarizing channel.
Proof. Combining Eq. (8) with the fact that the n-qudit Clifford group forms a U2D yields
Averaging over the n-qudit Clifford group is identical to averaging over the unitary group with respect to the uniform Haar measure so Eq. (10) follows.
A concatenation, or composition, of n-qudit Clifford gates in a sequence of length m is denoted m j=1 C ij for indicating concatenation. We use i j as labels for the j th element in the i th sequence, where i j ∈ C n d , with [k] := {1, . . . , k}, and the gate is denoted C ij . All Clifford gates experience the same noise, which is represented by a noisy channel Λ following an ideal Clifford gate.
The random sequence of gates
with i m denoting an m-tuple, is equivalent to concatenating m − 1 twirled channels [20, 21] 
followed by Λ, i.e., Λ • Λ
•m−1 T
. Using Proposition 1, Λ
•m T can be rewritten as an m-fold composition of a depolarizing channel with itself multiple times, namely,
Hence, for any input state |ψ ∈ H
is channel fidelity averaged over random realizations of the sequence. In practice, with quantum noise, Eq. (14) is replaced by
for E ψ and ρ ψ the positive-operator valued measure (POVM) [24] element and quantum state including SPAM errors, respectively. Plugging Eq. (13) into Eq. (15) yields
which absorbs SPAM errors, for
being the coefficients. We provide pseudocode for our multi-qudit RB procedure in supplementary material, which is immensely useful to ensure that the procedure flows logically and does not leave out any key steps. Our algorithm is designed to estimate average gate fidelityF Λ over a Haar-random set of input states. An algorithm comprises input, output and procedure, which we now describe in plain English; the pseudocode in supplementary material fully explains these three components.
We begin by explaining the input. The input can be separated into two components, those that are necessary to specify the benchmarking task and those that are necessary to specify the benchmarking procedure. To specify the benchmarking task, the user must specify the number of qudits n ∈ Z + , the dimension of the Hilbert space d ∈ Z + , and the cardinality C n d ∈ Z + of the n-qudit Clifford group. The latter input is required because there is currently no known algorithm to calculate the cardinality of C n d . We also need a length-C n d array of labels for Clifford operators in order to be able to refer to them individually.
For the benchmarking procedure, our algorithm caters to an experienced client who is able to guess good parameters for the number k ∈ Z + of random Clifford sequences, the number l ∈ Z + of repetitions of each Clifford sequence and the maximum length m ∈ Z + of a random Clifford sequence to be executed. This requirement that the client be able to select good parameters is typical for all qubit-based quantum benchmarking [26] . Furthermore, the client is expected to know that the noise model is specified by an unknown CPTP map, and therefore knows that the twirled noise model is entirely specified by a single unknown depolarising parameter. The client aims to estimate this unknown parameter to within a target confidence, which is not an input to the algorithm.
The output of the algorithm is an estimater of the average gate infidelity, often called average error rate,
This estimate is a URB figure of merit that characterizes average performance of qudit Clifford gates. Now we explain the URB procedure for qudit Clifford gates. We initialize the n-qudit state |ψ as the pure state |0
⊗n . Then we generate k random sequences of n-qudit Clifford gates C ij each of length j, where 1 ≤ j ≤ m, as k samples of a random sequence. The first j − 1 gates in each sequence are uniformly randomly chosen from C n d , and the final gate is determined by the first j − 1 gates according to
As Clifford gates form a group, this final gate is also an element of the group. We apply each of the k sequences of qudit gates to the initial state. Then we apply measurements corresponding to the POVM |ψ ψ| , 1 − |ψ ψ| on the output state. If the measurement outcome corresponds to |ψ ψ|, we assign a value of one, otherwise, a value of zero. By averaging over k different sequences and l copies of each sequence, we obtain an estimateF (j) of the averaged sequence fidelity
(19) Now we repeat the above procedure for different values of j, which increases from one to the maximal length m in succession. Finally, we fit the estimatesF (j) to Eq. (16) with p the decay parameter andp its estimate.
Per Eq. (9), we see that fidelity decay parameter p is related to r via
Therefore, by estimating p from URB of Clifford gates, we obtain the output average infidelity Now we explain why previous work on multi-qubit RB does not readily yield qudit RB. One might expect that solving multi-qubit RB would yield qudit RB trivially. Such an approach would exploit Schur-Weyl duality [45] . We show that this enticing notion is fallacious by falsifying the following proposal. This proposal is enticing because we could simply use existing multi-qubit benchmarking work [20] instead of producing a new result.
Mathematically, this proposal can be expressed as follows. Let C exists such that
for any (2 n − n − 1)-dimensional unitary operator Θ (2 n −n−1) . We now demonstrate that this proposal is false by giving a counterexample.
Counterexample. This proposal is falsified with a counterexample, specifically for C (2) ı = H for ı ∈ {1, 2}. The two-qubit Hadamard gate is
which is block-diagonal on both the symmetric and antisymmetric subspaces. However, the block part R on the three-dimensional symmetric subspace is not a qutrit Clifford gate, as RX 3 R / ∈ P 3 .
Therefore, the proposal is falsified, and one does not obtain qudit Clifford gates directly from multi-qubit Clifford gates over the symmetric subspace.
We have explained how we can characterize the average performance of the qudit Clifford gates directly through performing qudit RB. The procedure is similar to the qubit RB, just the unitary operators are chosen from qudit Clifford group. We have designed RB for qudit Clifford gates, by synthesizing the U2D property of them with qubit RB. We also devise a pseudocode, which provides the instructions on how to run randomized benchmarking algorithm on a quantum computer.
The U2D property of the qudit Clifford group indicates that twirling a noisy channel over this group yields a depolarizing channel per Proposition 1. Hence, analogous to qubit RB, we can relate the depolarizing parameter, estimated from RB procedure, to average error rate of qudit Clifford gates. On the other hand, the natural question that arises is, since multi-qubit RB has already been studied, whether qudit RB could be determined from multi-qubit case by considering the symmetric subspace of multi-qubits. We have explained that this symmetrization in Conjecture 1 fails.
Our results extend previous URB results to higher dimensional qudits for estimating average error rate for gate independent errors, and pave the way for experimental characterization of qudit Clifford gates. Recent development on photonic qudit-based quantum computing [11] provides a good test bed for our qudit RB. We suggest that quantum optics will provide a good test by exploiting different photonic degrees of freedom, for example orbital angular-momentum [16] , frequency [46, 47] , and time [47] .
